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Summary 


Following  a  method  due  to  Bette,  it  is  shown  tint  the  hydrostatic  ^fcure 
p„  necessary  to  enlarge  a  long  cylindrical  tele  in  a  ductile  at  :r  1 ,  ..i^.Tdoes 
not  show  str  or.  hardening  ,ia  about  3.5Y  where  Y  is  -the  yield  stress.  A  method 
for  taking  str aor . - r lardening  into  account  is  riven;  for  armour  this  increases  p0' 
by  8  per  cent.,  for  mild  steel  by  about  30  per  cent..  The  plastic  region  extends 
in  steel  zo  a  distance  of  about  twelve  times  the  radius  of  the  hole. 

Calculations  stow  -Iso  ;;hat  the  pressure  necessary  to  enlarge  a  spherical 
hole  in  steel  is  AY,  trhioh  is  only  slightly  greater  than  for  the  cylindrical  case. 

It  is  suf  es ted.  that  the  pressure  on  the  nose  of  a  lubricated  punch  deep  in  a 
semi-infinite  block  of  aterial,  will  lie  between  J,  5Y  and  lgf  and  the  resistance 
to  penetration  will  thus  lepend  little  on  the  shape  of  the  punch,  though  a  share 
punch  will  K  -o  a  slight  advent. age.  Taking  s  rain  ardening  into  account,  the 
resistance  m  armour  shoi: .  d  be  of  the  order 

4-5Y  x  area  of  cross  section  of  punch 

for  a  blunt  punch,  and  10  to  15  ter  cent,  less  for  a  pointed  cone  of  small  serai-angle. 

These  results  are  valid  only  after  a  penetration  of  several  calibres  into  a 
semi-inf  nite  block.  Near  the  surfaces  of  a  slob  th  .„anec  to  penetration  will 

be  less. 

The  dependence  of  the  resistance  on  velocity  is  discussed.  The  yield  stress  of 
many  materials  <-s  known  to  be  different  in  static  and  dynamic  tests,  and  for  the 
interpretation  of  dynamic  penetration  Y  must  taken  to  be  the  dynamic  yield.  For 
armour  there  is  not  much  difference  between  the  static  and  dynamic  yield!  For  no 
material  will  Y  vary  much  over  the  range  of  rates  of  strain  of  interest  in  armour 
penetration. 

The  validity  of  the  Poncelet  formula 
a  ♦  bv2 

for  the  resistance  is  discussed.  It  is  shown  that  for  shot  with  conical  heads  a 
formula  of  this  type  is  likely  to  be  valid,  and  the  work  do:  against  the  dynamic 
term  bv2  is  used  up  in  making  a  hole  of  diameter  greater  than  the  shot.  The  sane 
is  time  of  shot  of.  the  usual  ogival  shapes,  and  for  spheres ,  if  the  velocity  lies 
above  a  certain  critical  value  proportional  to  VY;  for  values  of  the  velocity  below 
this,  there  ,s  no  large  dynamic  terra  and  the  hole  wall  have  approximately  the 
diameter  of  the  shot.  .  . 

Steel  balls  recently  fired  into  dural  by  R.R.L.  with  velocities  up  to 
5000  ft./sec:  must  have  'uad  velocities  above  the  critical  value;  tapering  holes 
were  observed,  and  the  analysis  of  the  results  indicated  agreement  with  a  Por.celet 
formula.  On  the  other  hand  hyper-velocity  tungsten  airbido  shot  in  steel  give 
holes  with  no  t  peri  ,  and  an  analysis  of  firing  results  shows  that  there  is  no 
largo  dynamic  ton:'. 

A. discussion  of  the  de  I'.urre  formula  is  given. 

Sliatter  as  '.accounted  for  in  terms  of  a  dynamic  prea  ts  which  acts  only 
while  the  nose  'of  the  shot  .i.s  ;  one '.rating  the  plate.  .  I„  is  shorn  why  this  dynamic 
pressure  docs  not  affect  the  total  penetration. 

The  laws  applicable  to  penetration  by  shot  are  modified  to  apply'  to  penetration 
by  llunroe  jets.  It  is  shown  that  the  depth  of  penetration  is  proportional  to  the 
length  of  the  jet  and  depends  an  the  density  of  metal  in  it  and  on  the  density  of 
the  target. 

On  the  other  hand,  it  is  almost  independent  of  the  velocity  of  the  jet  and  the 
yield  strength  of  the  tar-et,  which  are  the  factors  determining  the  volume  of  the 
hole.  Souc  calculations  are  given  which  point  "to  the  conclusion  that  the  mean 
density  of  a  jot  fro:  a  steel  cone  is  roughly  one-third  that  of  the  steel  lining 
itself. 


•  *  X‘  Introduction 

It  is  notoriously  difficult  to  give  any  exact  mathematical  theory  of  the 
penetj^ ion  of  armour  by  amour-piercing  shot.  Attcnrots  have  been  made  for  t-.ro 
.3?1iT!JCa^eSi.  are’  frr  illatcs  thickness  t  large  compared  with  the 

calibre  d  a  the  shot.  and  the  opposite  case  where  t  is  small  (refs.l  2  and  3). 

.•or  steel  shot  against  armour  in  the  cases  of  practical  importance,  t/d  is  from 
2  to  y  for  normal  attack  In  this  report  we  shall  attempt  an  analysis  for  the 
case  when  t/u  is  large  (. holes  deep  compared  with  their  width).  The  analysis  is 
applied  to  penetration  by  typer-velocity  tungsten  carbide  urojectiles  (where  t/d  ~  7) 
and  to  Munroe  je„s.  It  also  enaoles  an  improved  qualitative  understanding  to  he 
ODoained  of  the  penetration  laws  for  smaller  t/d. 

1„v„,-to+S?Gtl0nf  2  5  -TO  consider  static  punching  into  a  semi-infinite  block  by  a 

work  harhd  :JUnCn'  ;net.hod  us'3d  bY  Batb-°  (ref. l)  is  extended  and  justified,  and 

.  ork-hnrdemng  is^  oaken  into  account.  In  section  6  we  discuss  the  conditions  under 
•  hicn  there  will  oe  a  dynamic  ten.i  in  the  resistance  to  penetration.  Section  7 
discusses  evider  hioh  is  available,  and  section  8  the  phenomenon 

oi  shatter.  Sections  9-11  deal  with  penetration  by  Munroe  .lets. 

2.  The  Lonr  Q/liedrical  Hole 

lo  is  not ,  at  3?  esent  possible  to  give  an  exact  solution  for  the  flow  round  a 
pvaich  being  driven  into  a  ductile  Material,  and  we  discuss,  therefore  certain 
simplified  problems  for  which  an  exact  solution  can  be  obtained.  The  'first  of  these 
is  3ethe's  solution  for  a  long  cylindrical  hole. 


region 


Plastic  and  elastic  regions 
round  cylindrical  and 
spherical  holes. 


A  long  cylindrical  hole  is  supposed  to  be  drilled  in  an  infinite  block  of  material 
ana.  a  pressure  p0  applied  J:o  the  surface,  so  that  plastic  flow  occurs  and  there  is* a 
(Large^  increase  in  diameter.  D  of  the  solution  are  given  in  Ap-.  eniix  I  of  this 

report.  The  treatment  follows  that  given  by  Be the  (ref. 1).  ^ 

Per  our  purpose  we  need  only  coraider  the  radius  of  the  hole  to  be  initially 
zero  and  to  be  enlarged  to  a  final  value  a.  Then  it  is  shown  in  Appendix  I  that  tte 
cylindrical  nole  of  radius  a  is  surrounded  by  a  concentric  cylinder  of  radius  c  within 

which  plastic  flow  ocurred.  As  the  plastic  volume  changes  to  be  nsrliwible 

c  is  given  by  > 

<? 

~  2(1  4-  v)  Y 


where  E  is  Young's  Modulus,  v  is  Poisson's 
Assuming  that  thdro  is  nc  strain  .ardenin 
is 


ratio  and  Y  is  the  flow  stress  in  tension, 
ihe  iressure  jn,  required  to  form  the  hole 


Po  =  (1  +  2  logn  f)  (2) 

am  the  energy  per  unit  len,  thwpo  a*.  This  energy  is  divided, as  follows 
elastic  energy  and  that  used  ui  in  causing  plastic  flow: - 


into 


v a2  Y/V"3 


Elastic 


?  wa;  y 
<1 


lo 


So 


'a 


Plastic 


?or  steel  the  plastic  energy  Is  about  five  tiaes  the  elastic, 
energy  is  in  the  plastic  region. 


Half  the  total  elastic 


.1. 


K'-tc  than  half  tho  energy  is  actually  contained  outside  a  cylinder  of  radius  2a. 
Ii  smail  plastic  volume  chanr.es  be  allowed  for,  ('■)  ■  ■ir'.vin-  t n|n _  and  (l)^^oo  "3 

3  ** 


"(5  -  Uv) 


y 


o> 


P’suericab  values  arc  for  steel,  with  v 


0.3,  E  =  3  x  *0  lb,/sq. in. , 


32, 


Po  =  3-4. Y 


Sine much  cf  the  energy  is  expended  at  distances  from  the  axis  equal  to 
’vul  :,,J-',-ipies  of  a,  only  a  fairly  large  specimen  c;m  be  treated  as  "infinite. 
xe  r-.quired  to  form  a  cylindrical  hole  of  radius  a  in  a  cylinder  of 
idius  !>  is  riven  by 

R,  =  7;  <1  +  2  log  I  -  fy  ), 

•  ‘xiinately  by  (3)  as  before  (Appendix  III).  The 
on  the  r  lius  of  the  hole.  The  required  tc  make  a 

‘i  ''  'lius  a  is 


■rr  v 


v  3 


(1  t  2  log  f  ~ 


(5) 


i’  c-  ~  c,  and  is  thus  about  12  times  the  diameter  of  the  hole,  the  encr,~v  is 
degreased  by  abou-  9  per  cent. . 

0  J these  results  it  has  been  assumed  that  the  target  material  is 

0  '  -1  point,  and  that  from  there  or.  the  flow  stress  1b  001  •.tan* 

show  how  to  take  account  of  strain  hardening,  the  following 

aastr.’.:.  -ns  .-.-cing  made:  - 

-/-)  f“Sre  ia  no  volume  change  in  plastic  flow, 

-he  material  has  a  definite  yield  point. 

•  the  conventional  strain  s  is  given  in  terms  of  the  true  stress 

3  .as  found  in  a  tensile  test  by 

3  =  X  +  A  loge  (1  +  s) 

•  .  1  these  assumptions  the  pressure  po  needed  to  enlar  ■  ;h  hole  is  found  to 


Po  7T  (1  +  2  loge  2)  + 

a 


18 


v  =! 


2(1  f  i;)X 


.ion  (8)  is  ir.  good  .agreement  with  experiment  f 
1  ■  ur  s':  -:l3;  hr Id, .  m  (ref.  4;  gives 

I  Igg  ] 

rtior.  holding  up.  to  the  very  large  strains  achieved  by  Brid#nan  under  high 
■  ®  of  the  constants,  strain,  hardening  increases  p0  by 

.’■rh-.  only.  Kidd  steel  hardens  more  rapidly  than  this,  and  the  increase  in 
.hup.:  0,  of  the  order  >0  per  cent.. 


-  ri 0 .1  Hole 


•  •  --  -  1  4i  ar  to  tnat  tor  the  cylindrical  h  r  c.  be  given  for  t he 

aure  required  to  farm  a  spherical  hole  of  radius  finite  block, 

J-  fr“  a  15016  -  :e  size  (Appendix  I’,.  Th  radius  o  of  the 

here  round  the  hole  is  £ivon  by 


2. 


4 


-  »-)T 


and  ihe  iressure  by 

~~  (1  +  3  logg  £) 

Numerical  values  for  steel  are 


(5) 


-  r'  ? 
-  Jt- 


PP  =  4.0  Y 


Tr-  Tt  H  0S  noticed  that  thc  pressures  l'or  the  cylinder  and  sphere  do  not 
oil ;  or  lauch: 

p(  sphe-  )/p(  cylinder)  =  1, 18 

4.  applic-'i  ien  o  St.f.L  Punching 

Bethf  (ref  a  Is  theory  of  armour  penetr  uion  assumed  that  fonnula  (2) 

"  '?  'V'l  m_  ■  on  th«  ogive  of  ■  shot  if  the  v  docitv  -.-ere  lok  and 

i ration  r  ec  id.  Tins  assumption  is  valid  onl:  for  shot  or  punches  with  very 

siiarp  pointed  heads,  of  semi-angle  a  such 
that 

«  «  a/c 

Fi.i.  x 

0r  |?ead  -ranch,  however ,  of  whatever  shape,  there  will  be  motion  of  the 

iSo  th"a-Sria;  ' r'  “  W!l1  “  laterally  -  If  the  ogive  be  sufficiently  deep 

expected  t ha.  the  mode  of  enlargement  of  the  hole  will  be  a  compromise  between  the 

purely  lateral  expansion  of  Bethe  and  the  radial  exj  ansicn  treated  in  the 

' 

may  assume  that  the  pressure  p0  is  approximately  ui  iforsi  ever  the  ogive  and  ’ 
xr.de penmen,  of  Its  shape.  This  implies  that  the  required  to  punch  a 

thT^i^16  Til’  suffiaicntly  prostrations,  tend  to  be  proportional  to 
tho  volune  of  the  hole ,  provided  that  the  punch,  be  lubricated  or  treated  in  some 
way  such  that  the  friction  between  tho  surfaces  of  hole  and  punch  is  eliminated. 

In  dynamic  penetrations,  (firing  trials),  it  .ion  is  believed  to  be 

+h^ll£lb^  °''V^ie  CO  3;0cai  '“ltlric.  This  point  is  of  importance  whan  coupled  with 
the  considerations  oi  para.  6,  where  comparison  is  made  between  statio  n-1  ayi  mio 
penetration,  and  .here  it  is  suggested  that  p0  is  effectively  the  aar.e  in  the  two 

CcLSCS* * 

Allowing  for  work-hardening  (para- 3),  pt/Y  should  lie  between  L  and  4. 5  for 
armour,  and  perl™  5  '.o  5.3  for  mild  steel.  Y  is  .  rys  to  bo  identified  "rtththe 

order  10  per  cent.,  over  a  blunt  head.  vantage,  o- 

5 ■  -off?.:'  'if  -.j o  nVee 

..  ®®az‘  ^  auri>5  pressure  on  the  head  of  a  punch  ill  necessarily  be  less 

uO  the  crater,  as  shcvai  in  Fi  °  ^  •—  - » 


Fi 


SiiiC*.)  i..uch  C'j.  ■  :  j  «  nded  is  \  ur-  in 

surfac'.-  wee;  ;;  -  vlo. 


W,  H  ; ‘C'-heiaatioal  ona-aie  of  lb 

^ - —  - 

a  thin  plate, 

_  xs 

•  rjir  x  area  cf  hole  x  plate  thickness  tr 


Hi  k 


3. 


whr-..  .  about  one -third  the  e bivalent  qumtity  for  a  thick  plate.  The  height 

of  '.he  »* *at>  r  ts  -■■■out  .  '.a  t'ieteiess  of  p  late.  Bo  the  (rcf.l)  rates  a 

-rid  .  v:;.-  _  -  -0  t  er.t.  Jfca'or 

than  Tf/lor'a  for- the  work  done.  T  * 


It  is  ’•  'sir:  '*  .  e.weriaent  c.  static  punching  of  "serai- infinite"  b  ocks 

should  l  :>  .e  to  det-innino  the  effect  ’  a  surface;-  it  ould  be  necessary  ji 

this  work  to  e.liwinate  the  very  considerable 
frictional  term  by  lubricating  the  punch. 

Such  experiment,  should  give  load-penetration 
curves  as  shown  in  Big.,5;  the  zero  of  tie 
penetration  is  taken  when  the  ogive  of  ti.e 
punch  is  -fully  within  the  material.  One 
expects  the  load  to  approach  its  ultimate 
value  after  a  penetration  of  a  few  calibres. 


:■  ns  ic-v  .!  e  way  in  which  the  force  resisting  penetration 
de  ends  on  the  velocity  V  of  th:  projectile. 

1  •  •»  Y.  n.  >a  serials ,  varies  with  the  rate  of  strain;  there 

are,  however,  man;."  indications  (refs. 5  and  6)  that  the  relation  for  large  rates 
of  strain  is  of  type 


Y  =  Y0  *  A  lop  (rate  of  strain) 

and  therefor  ,  although  ths  flo  stress  may  be  juite  different  in  static  aid 
kv.  .  :c  punching,  it  111  Vary  little  over' the  ran  fro.  1000  to  10,000  ft. /sec. 
of  interest  m  armour  penetration.  Over  this  range  then,  ve  shall  consider  Y 
constant.  Bor  good  amour  steels  there  appears  to  be  little  difference  between 
the  static  and  dynamic  yield  (ref.  7).  Thus  the  increase  in  resistance  due  to 
this  cause  will  be  effectively  constant  over  a  wide  range  of  velocities. 

'.Ye  consider,  next,  under  fiat  conditions  an  appreciable  dynamic  term, 
varying  rapidly  with  velocity,  is  likely  to  arise. 


The  formula  known  as  Poncelet's  formula 
•  force  =  a  +  bV1 


is  often  assrnad  for  the  resistance  to  penetration*.  Or.  the  experimental  side  it 
has  t.:an  shown  by  fie  R  >ad  Rea.  aroh  Laboratory  ,o  give  good  agreement  with 
exp  .’iraent  for  the  ;  ena‘.  ion  of  steel  balls  into  dural  (ref .9);  on  tin  other 
hand  a  series  of  reports  by  Dr.  Bi.ir.cs  (rof.  10)  has  shown  that  the  energy 
require.-,  to  i  met;  .-  a  .  ati  statically,  dth  lubricat  d  shot,  agrees  well 
vritb  the  kiactie  energy  of  the  shot  which  will  just  penetrate  it.  Dr.  Baines' 
work  tnu3  suggests  that  vuen  the  target  is  armour,  there  is  no  large  dynamic  term. 

The  solution  to  ti.i.s_  sontradiotion  is  as  follows:  let  us  consider  what  happens 
for  'cry  uigh  veloci  tvs  (Pf  »X)  when  the  projectile  is  deep  in  the  target.  The 
resistance  to  flow  f  he  ._aterial  will  then  be  negligib'.i  ,  nd  we  shall  treat  it  as 
a  Liquid.  The  resist  -no-  o  f'.ojr  is  then  C  p  V*  x  area  of  projectile  where  p  is  the 
f.  r  1  nd  C  a  dr  is  cooffi  ier.i  f  order  about  0.1. 


the  r«.  art  riper-  "  Iters  and  Rosenhead,  who  shew  that  the  formula  is  in 

•  -  t  -  f  'or  airgets  of  nod  r  s-  ra  air. -  (ref. 8).  As  these 

--  iu-  -  ■  L.-.la,  tii-  c  ...merits  f  this  r  -  r  not  applicable. 


4. 


Tha  energy  given  up  by  the  projectile 
against  this  resistance  is  used  in 
setting;  the  fluid  in  notion,  and 
cavitation  occurs  behind  the  projectile 
as  in  the  sketch.  The  pressure  at  the 
nose  of  the  projectile  is  ipV1;  the 
pressure 'drops  along  the  surface  until 
a  value  zero  is  reached  where 
cavitation  begins. 

He  now  consider  what  happens  in  the  case  of  actual  interest  ..'here  Y  uni  PV  *  are 
;onv arable.  In  the  static  case. the  pressure  is  approximately  equal  to  p0  all  over  the 
nose  of  the  shot.  As  the  velocity  increases  the  ressure  will  increase  near  the  nose 
end  decrease  near  tin  ho  Idor.  As  long  as  toe  value  of  the  .ressure  does  not  reach 
zero,  the  diameter  ;.f  the  hole  made  by  the  shot  will  be  nowhere  bigger  than  that  of 
the  shot;  under  these  conditions  the  .x>rk  done  by  the  shot  in  making  the  hole  will  be 

almost  the  sane  as  in  static  punching, 
and  a  large  terra  cannot  occur.  It  is 
true  oh  .t  the  flow  lines  round  the  nose 
of  the  shot  may  be  soj.ewhat  different 
ir.  the  dynamic  case,  but  since  most  of 
t  -  -  y  in  .risking  the  hole  is 

expended  at  some  113-  ms:  •  from  it,  any  increase  in  the  energy  iue  to  this  will  be 
small. 


bteel  ponet.  t  a  y  .  or  hyper -velocity  shot  shows  holes  no  bigger  titan  the 
shot.  Thus,  no  dynamic  trn  is  to  be  expected. 

At  some  critics-  value' of  PV*/T  the  pressure  at  the  shoulder  of  the  shot  wil  . 
become  zero,  and  "cavi  ten"  ill  Degin,  a  hole  of  greater  diameter  titan  the  shot 
,clnE  formed.  Above  this  velocity  a  dynamic  term  in  the  resistance  will  aopear. 


the  resistance  incr: 


c  i 


as  in..'  with  the  velocity, 

( i  )  oamcal  head 
(2)  ogival  head 


Fig.  8  — i 

The  critical  value 
particular,  it  will  be  2 
centrifugal  fore.;  show 


•  i  J 

examination  of  the  holes  shown  in 
section  in  the  R.R.L.  report  for 
steel  ..  jIIs  in  dural,  show  dianeters 
which  increase  towards  the  entrance. 
T..is  .hen,  may  be  the  explanation  01 
the  dynamic-  term  found  in  these 

-  exp  ri  arts;  the  critical  value  of 

P  V  Vf  must  have  been  exceeded. 

'f  PV2/Y  will  depend  on  the  shape  of  the  head.  In 
■re  for  a  conical  head,  iiiementary  considerations  of 
■hat  the  material  of  the  target  cannot  follow  the 

surface  of  the  punch  round  a  sharp 
comer.  Finally,  for  velocities 
such  that  a  dynamic  term  does  exist , 
the  extra  work  done  against  it  must 
be  used  up  xr.  expanding  the  hole 
against,  the  pressure  Pq .  Therefore, 
as  long  .is  we  are  far  from  the 
surface,  we  may  assume  the  following 
approximate  relation 


Fi, 


Po  x  area  of  hole  -  work  done 
by  projectile  per  unit  len  th  of  hble. 

ihe  above  considers  uns  apply  only  to  the  resistance  to  penetration  far  fran 
the  surface.  Near  the  surface  he  form  of  tha  lip  of  the  crater  may  depend  on 
p  /-/y,  and  this  nay  .ienn  a  rather  larger  dependence  on  V. 

,;\mr  ,  :0::  J  7  -ion  (ref,./  -  .  ;ir£enent  at  high  speeds  of 

'  hol°,  -h@ot  '°y  a  for<=°  applied  radially.  Taylor  finds  that  the 

-  at j.o  ry  ho  01  ■■  he-  .Ac! mess  of  the  metal  at  the  rim  of  the  hole  to  its  original 

_ T _ ^ 


P  V" 


7  3inh(/2y)  >•  =  T 

1  pV2 

U  *  3  -r-  + -  ) 


# 


Thus  the  shape  of  1  riu  ay. .  .s  .1  velocity,  Joe  no  :• 
hi  x  area 

r  ,  .  :rod  tc  mate  yol  . 

An  at  .  :ot  ...  s-  '  cr,  .an,at  ogtj  -  nc  .-j  rest:,  -  e  r 

>r5i.-,entally  the  o-  tic  r.d  fiyi  -lie  en^i  ;ies  requir  ;o  ietr  ,e  a  thi 

■r  of  the  poncelet  type:  Els  nalysis  is,  however 

::mcSj  -srl  '  he  i  ■  -  hus  a  long,  norm-  ij.  Bethe  loos  not  r-ive 

3T  'Oil. 


Ti,“  Jn-  *.  _  ’i  ,  -n-  --  -nc  -  for  a.!,  shot  known  to  the  authors,  in 
•’ctl  r  1  -  ■  •-u-’  ici -ntly  larg--  for  the  results  to  have  t  direct 

'.•arint:  on  :  •:  1  ••  „  fey  vnlLysis  of  penetration  of  ar  iur  plate  i.v 

"  -  \  '  *-  T-’  r/2c  ■-  0/d5  is  Plotted  agai.-.st  t/d  (for  a 

r-ven  angle  of  .-..ic:  .sice  fed  n  in  p  graph  (?ic,15;.‘  it  wild  bo  seen  that  ;h." 
^raphs  arc-  g-.-.j  I  for  t/d  >  2  or  j  (tt>  within  the  Units  of  experimental 

■  c...-acy  '  A1  :hru.  'h-  fii'ing s  did  not  give  data  for  *  w  v  :loci\  .es . ‘  the  .  hs 
.  i '.su:  .ablj-  ex.  nu  to  or  . gin  don.  a  curve,  representing  the  surface 

•  ect.  .  The  s  rat  .. t  lint  ;ert  of  the  graphs  shows  that  aft  -  a  certain  derth 
!  r«sis '  anoe  to  r  metration  is  constant.  This  is  what  -  odd  t  expected  fren 

uhan  the  cores  t herns elves* 


lae  ^rcipha  './ere  constructed  j  y  fitting  the  best  sti/;ii<-:;t  lines  to  fir  in 
oi  tungsten  carbide.  The  data  from  firings  of  German  tungs  m  car.  ide 

v/as  plotted  subsequently,  and,  fortuitously  perhaps,  fits  closely  to  the  sane 
straight  lines  Values  of  the  constant  resistance,  deduced  free,  the  sieves  of  -h- 
-mes  show  a  remarkable  consist  ncy  at  about  350  tons/s  ,  in.  .  T..is  is  the  reason 


- —  Wi* *w»  u  *  '-‘U-U  a. 

for  plotting  Iff*  cos  •?,  and  not  U.r‘ 

7F 


cos  6  ns  ir.  the  nodified  f>c  Harr  ■  formula. 


0.  course,  (the  angle  of  entry  net  strictly  equal  tc  G  but  somewhat  creator 
L.  :  slight  -i.L  'v-an.."-  .".at  1.3  ;r-  .p  for  this.  Tskter  the  r.'  •  flow  str-st  f' 
'JV::0U\  '  V  fcn  be  "bc"b  =0  -  ts/si.ir.,  acre  r  rce;  r:t  1th  th  cry 

n  allovfsi!  is  i  1  r  r'.  :•  hing  and  rate  of  a..-,  ir 


.  ®xpsrl  r'  ;  cf  Beats  .rf.lC),  in  which  >r;  u&  in  ubricat; 

put  forward  .u:-ra  2b  ran,,,  of  t/d,  however, 
:i.-t  gre  t  enough  to  serara'  sur  ef feats  frcu  the  value  of  p0  for  the  body 

tic  and  dyn..  ,:  o  vdu  is  .  f  in:;  energy  is  interesting.  I‘,  may  :.iean  that  the 

-  e  .  ; r.  h  dynamic  .  se  j '  roducin  a  disc  or  scuo  at  the  back  surface. 

ii:c  a  hole  of  g  iven  depth  in  a  thick  plate  are  identical. 


B!n  phencn.mor.  of  shatter  .hows  that  the  force  aotin,  on  the  nose  of  u  sh  t 
r.  ogive  is  .^-v  ..  .  .ir.  He  surface  does  incroas.  ..-ith  ’locity,  and-abov 

)city  is  to  ve  expected.  2  is  :.ioy  be  partly  re  .  or, sib. :  for  shatter. 


6. 


.aiitSS  SL3£l£  £T2?r%  £r-  «•—».  «-»  «n>.. 

material  of  the  target  has  to  he  set  .ore  rap^T^Ln^or^tS^es. 

increases,  while  thc~  first  c^onl’^i^0  *il1  increase  indefinitely  as  V 
holding  from  ohe  splice  "  13233  the  irc33urc  to  the  value  of  p0 


projectile  at  a^n^^Sncfi'rL^^1'^  ace1^^11^0 ■  ““  the 

*  Shall>  as  a  first  approximation,  make  use  of  this^om  A*/3p  ^  ■  Hc^rever, 

the  most  ^tur^'  MsSptSTlTthS  ^  CSrtaij*^: 

maximum  stress  difference  reaches  a  critino  -  4  J-  °ccur  "hen  the 

^11  be  less  than  the  pressure  on  thT££j£“ ^%'TZ&£r 


q  U  +  /3pv*) 


q  <  1 


Finally  it  must  be  pointed  out  th~+  -f- u .. J  ^ 
more  and  more  matter  is  K  motio^  £het£TC  "**"  becau^ 

nave  any  large  effect  on  the  penetr-  tior  ^  !’®notfates  wiL1  probably  not 

this  report  is  based,  most' of ‘the  kinetic  hypothesis  on  which 

deformation  of  the  metal;  thus  any  ener-  -hicfili  - ;  ^  Sh  *S  U*°d  Up  3x1  Plasrt“ 
target  material  as  kinetic  enerfnrmust  13  tranaforred  to  the 

“  nak^  hole.  AltemativSy^  mS  SSr  th^^  ??  !®c  l?a^  that  is, 
nas  a  fictitious  ..nss,  in  the  same  wav  th-,+  t-l  *  the  shot  m  the  material 
fictitious  i.nss  -.-ill  decrease  the  deceleration ™a  thT^  “  2  nuid  haS'  T!iis 
and  so  make  up  for  the  loss  of  kinetic  energy  d^-  J?crease  the  penetration, 
suriace,  at  ary-  rate  approximately.  ^  :Ijnaniio  term  «*  the 

Penetration  by  i.Iunroe  -jets 

Se-i0^' 5  dUCtile 

V/e  have  fornd  th^^tte^g^®  th^'nf '"'ith  2  ^-^^elocity'v^ 

S?i?S3ta« 

that  «>-* 

An  ^1.  shot  above  the  shatter  velocity 

JZZ&Jt;  $E?Z2£  °( ~  j*.  *. 

*.**.  aJSI ”t*1’  «-  «*"»■  -gii^bi, 

(ii)  a  jet  of  fragments  which  break  uj  or  impact. 

and  will  be °r ef erred  “r^pUeitly. th°  velooities  are  higher, 
in  the  light  of  the  hypotheses  of  the  previous  -ting  phenomena  to  consider 

evidence  points  to  the  penetration  beW  aohSved  ^Ti  T  **  exrori®«ttal 
material ,  and  the  area  of  the  hole  thf  it  Sut  t  ®Cpa?slon  of  the  target 
the  jet  itself,  sug.  eating  hat  the  vcr>-  hiK  “  . ‘v  sevoral  times  the  area  of 
of  the  critical  velocity  discussed  in  lira.  6.  1  ob-aulea  31-0  well  in  excess 

folloSS°;Sf  "tEn/Si fr*' S  -  enetraticn  in  the 

diameter  than  its  oen.  The  bottom  of" th  hole  of  greater 

than  the  velocity  V  of  the  JetflS.’ %££ «”*? JL ?'  ***  iS  1033 

1  ofle  jC{->  •'h  ch  breaxes  up  on  hitting 


7. 


% 

the  bottcm  of  the  hole,  Is  pushed  away  sj-d.  estates* 
up.  the  side  of  the  hole.  The  velocity  U  can  be 
determined  by  cqu  line  the  pr  jsure  exe^^l  ty 
the  jet  to  the  pressure  necessary  to  &r^^  the 
hole  into  the  material  with  velocity  U.  It  is 
only  necessary  to  equate  the  _r  assures  at  c:. 
point,  which  can  most  conveniently  be  taken  cn 
the  axis. 


If  L  is  the  length  of  the  jet,  the  time  during  which  pressure  as  exerted  cr. 
the  bottom  of  the  hple  i3  L/(V  -  U) .  Therefore  the  depth  t  of  j  ne  ration  is 
given  by 

t  =  L  U/(V  -  U) 


To  find  the  pressure  on  both  sides  of  the 
hole  we  take  axes  through  0,  the  bottom  of  the 
hole;  relative  to  the.  axes  th  jet  moves  th 
velocity  V  -  U,  the  mat  'rial  of  the  target  with 
velocity  U  in  the  Hr  i  r..  s’,  .vn  an  ?i  1  :. 

In  the  limiting  case  where  U  is  very  'large,  the 
material  of  the  target  can  be  tr  :nted  as  an 
inviscid  fluid;  the  pressure  that  it  exerts  at  0 
(the  stagnation  point)  will  then  be,  ifP_  is  the  density  rget  material, 

i  (u) 

A  correcting  term  of  some  sort  must  be  intr.duced  to  account  for  the  strength  of 
the  material;  if  we  -.Tite  for  the  treasure 


Y -U 


?  pt  if  +  p0 

where  p>  as  in  ;  eras.  2  and  3  is  about  four  times  the  flow  stress ,  we  have  at 
least  formula  which  is  correct  for  U  -  0  and  U  »  *>  .  P.r  Mur.rce  jets  the 
correcting  term  is  in  aiy  case  small  and  failing  .  :Orc  exact  analysis  •■•e  shall 
assume  (12)  to  be  correct. 


A  correcting  terra  may  also  be  required  for  the  couj ressioility  of  the 
target  aterial,  assumed  incompressible  in  the  derivation  of  formula  (n) .  T1  is 
is  mentioned  in  a  footnote  to  the  report  quoted  above  (ref. 12). 

The  pressure  exerted  at  U  by  the  jet  avail  depend  on  its  nature.  ?or  a 
liquid  jet  or  solid  Jet  of  negligible  flow  stress,  the  . ressure  will  be 

i  p*  (v  -  u)2  (13) 

* 

’••here  P,  is  the  density  of  the  uetal  of  the  jet.  If  the  flow  cr  shatter  stress 
is  not  negligible  (e.g.  for  A.F.  shot  above  the  shatter  velocity)  a  term  as  in 
(12)  will  have  to  be  added  to  take  account  of  this,  and  al30  the  velocity  V  will 
decrease  during  the  process  of  penetration.  Vfe  shill  not  attempt  a  quantitative 
tr  latment  of  this  case. 

For  a  fragnent  jet  in  which  the  volume  of  metal  is  a  small  proportion  of  the 
lotal  volume  of  the  jet  the  ir  assure  is 

Pj  (v  -  u)2 

where  P,  is  the  mass  .  cr  unit  volume  of  jet.  If  the  fragments  a re  ;rossed  el  m? 
together,  a  reasonable  assumption  is  that  the  pressure  should  00 

i  ^  P*  (V  -  U)‘ 

V 

■where  X  is  a  numerical  factor  ’  c  .eer.  1  and  2. 


Equating  (12)  and  (ift.)  we  :_ave  . 
\  U2  +  2  p0  =  P’  (V  -  u/ 

.■••here  p\  =  Xp. 

J  u; 


(15, 


8. 


This  quadratic  rives  U,  and  together  with  (10)  lei  it-.-  -.es  the  depth  of  penetration. 


Three  cases  are  of  special  interest: 

m 

(a)  po  negligible  comp  ared  with  P  V  .  In  .is  case  the  penetration  i3  given  by 

i 


(lc 


t  =  l  (PypTT‘ 

We  note,  that  the  depth  ol*  penetration  it  ..r. dependent  cf  the  velocity  of  the  jet. 
(h)  p0  snail;  to  the  first,  approximation  in  asceniin,.;  powers  of  p0 

(°\  ^  ri  -  P£_ 


KJ  i 


p’V 

3 


(■M 


(17) 


'(18) 


(c)  Jets  of  low  density,  so  that  U<<  V.  Then 
-  £p0J^pT 

X  rs  olejir  that  the  npprcxi  lations  made  in  deriving  these  formulae  break  down 
unless  p\  V*  >  2  p0,  if  this  -  s  not  the  case  we  shall  hav=  to  consider  penetration 
iy  individual  f r  o.ynents . 


„  .  !<•> 


ils  regards  orders  of  magnitude,  if  P  is  the  density  of  steel  and  V  is 
10,000  ft. /sec.  , 

j  pV!  e  2400  tons/sq.  in. 
ijo  is  of  the  order  200  tons/;;;,  in.  for  steel. 

10.  T’ne  density  f  ’  hv  >1 

Tn  order  to  see  if  so:rio  ight  could  >w  sue!  a  t.ho  '.tensity  >C  a  llunroe  jet 
compared  with  the  density  of  the  iinirq.  fr or  which  it  is  formed,  (a  question  or 
-.vidoh  there,  has  been  considerable  speculation,  but  no  r:  tl  evidence)  some 
alcu  ations  sen  performed,  b.s-rd  •  he  yrreri.i-aitt  1  curves  reproduced  in 

S.H. 7/43/343  (ref. 13).  In  the  latter  report,  the  velocities  of  emergence  from 
plates  of  different  thicknesses  and  the  times  of  penetration  have  been  plotted 
against  penetrations,  for  steel  cones  fired  against  targets  cf  both  aluminium  and 
copper. 


We  use  the  steady  state  penetration  law 


where  P. 
apply  it 


-  4  p  .  (equation  13),  is  the  density  of  jet  end  1  <  4  <  2,  and 

to  successive  time  inteidfals  during  the  penetration,  ■  assuming  that  the 
velocity  of  emergence  plotted  in  the  graphs  13  the  actual  velocity  of  the  jet  at 
the  corresponding  depth  of  penetration  into  a  semi-infinite  target.  This  is 
t  untanour.t  to  asserting  the  principle  of  independence  of  action  of  the  different 
.arts  of  the  jet  ,  of  which  there  is  experimental  evidence.  Then,  if  p  '  r  \ji  p. , 
so  that  the  actual  density  of  the  jet  is  tfP. ,  where  is  the  density  or  the 
lining  materiel,  the  .-arx  ration  vines  ar«  given  by: 

L  ' 


penetration  tines  are  given  oy: 

-  /  -  .  f.  : 


’•■••here  x  is  the  depth  of  ic  "  ration. 

Considering  4P  os  variable,  -/•-  calculate  .•  s  ...•••»:  value  for  £  in.  intervals  of 
penetration ,  so  that  the  corresponding  tn  rouse  in  t  eo.puted  fran  (19)  shall  be 
equal  to  the  increase  an  t  observed  from  the  graphs.  T;'..s  process  is  carried  out 
for  penetration  .Into  both  the  aluainiie  and  copper  targets,  and  the  results  are 
shown  below. 
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Mean  Values  of  V  . 


t 


I  i  -ti  1  n  in  lii.  A1 '■■taii'.iuiL.  target  Co poor 


0.0  -  0.5 

0.27 

0.24 

0.5  -  40 

0.35 

0.31 

1 .0  -  4.5 

0. 83 

0.64 

1.5  -  2.0 

0. 65 

0.04 

2.0  -  2.5 

0.89 

0.84 

15  -  5.0 

C.76 

0.77 

v  r>  —  5  5 

o„  51 

0.61 

5  5  -  4.0 

0.53 

0.36 

4,0  -  4.5 

0.35 

4.5  -  5.0 

0.43 

Mean  Value  cf  V 

■0.57 

0.58 

over  whole  range 


formul-ae  nr-.-  rather  susceptible  to  small  changes,  and  unfortunately  the  curves 
fra,  which  .  bservations  are  made  are  fitted  to  a  number  of  scattered  experi- 
,  . .  pr.su :ts.  Idas  may  account  for  some  of  the  erratic  behaviour  to  be 

,bs  r.-su  -  the  above  tables.  It  vd.ll  be  noticed  that  the  general  trend  of  the 
iv.ss  f  ..a  -arkod  consistency,  as  bet-teen  the  two  types  of  target,  and  the 

ran  •■alew  is  practically  the  sane  in  the  two  coses.  Remembering  that  1  <  X  <2 
(equation  4' /the  ratio  of  the  density  of  the  jet  to  the  density  of  lining  lies 
1  » tw«an  the  v.Jues  in  the  coluuns  and  one-half  these  values.  The  density  of  the 
jet  appears  :c  increase  to  a  maximum  and  then  to  fall  away  towards  the  rear  of 
the  jet. 


Since  the  jet  from  steel  cones  is  of  the  "fragment"  type,  X  ~2,  and  the  mean 
density  of  the  jet  is  approximately  one-third  that  of  the  lining. 

11  _f_  h . ■ t,-;;  to  Tar;  ’t  Material  and  Volume  of  Hole 


The  c  .  a iderations  of  the  car- lie r  part  of  the  report  would  lead  one  to  suppose 
that  for  deep  penetrations,  it  would  become  more  and  more  nearly  correct  that 
p0  x  volume  of  hole  -  energy  given  up  by  jet  . ..  (20),  and  that  p,  should  be  about 
5  to  5„5  times  the  dynamic  yield  stress  for  penetration  into  mild  steel  (para.  4). 
P;  r  a  solid  or  liquid  jet,  relative  to  axes  moving  with  velocity  U  (fig.  12),  no 
energy  is  lost;  the  material  of  the  jet  flows  away  up  the  sides  of  t lie  hole  1th 
its  original  velocity  (V  -  U).  Thus  the  loss  of  energy  relative  to  fixed  axes  is 

i  M  ^V2  -  (V  -  2U)2J  (21) 

where  U  is  the  total  mass  of  the  jet.  After  a  short  calculation  we  find  that  the 
proportion  of  the  total  energy  ^iven  up  to  the  target  material  is 


4  0 

JTT 


rrTy 


where  9  =  (P  /P^  • 


?or  a  fragment  jet,  on  thfe  oth:r  hand,  the  kinetic  energy  will  be  partly  used  up 
in  heating  nd  deforming  the  fragments  themselves.  The  amount  of  energy  consumed 
an  these  processes  will  be  equal  to  the  energy  loss  relative  to  the  moving  axes  of 
fig.  12,  i.e. 

?M(7  -  U)2  . 

p>  .  i  Tati v  to  Pi.  d  axes,  the  energy  expended  in  actual  penetration  is 

£  II  ^V2  -  u2  -  (V  -  U)*J  (22) 

which  i3  Just,  half  as  much  as  in  formula  (21);  the  proportion  of  energy  given  up 
is  20/(9  +  1)*. 

A  series  of  .easurements  of  volume  of  holes  in  a  mild  steel  target ,  caused  by 
j.  js  of  steel  and  cadmium,  is  given  in  an  early  report  by  Evans  and  Ubbelohde 
(r  f.  14).  for  the  d  opest  penetrations ,  which  are  of  primary  interest  in  this 
discussion,  the  total  volume  of  damage  tended  to  roughly  8  c. c.  for  steel,  and  5  ° 

for  cadmium,  independently  of  the  inass  of  the  lining,  for  a  given  charge  diameter. 


10. 


t 


The  density  considerations  of  the  previous  section,  combined  with  the  plot 
of  velocities  in  the  report  quoted  (ref.13)  ,  lead  one  to  suppose  that  the  mass  of 
the  contributing  to  penetration  moves  with  an  average  velocity  roughly  equal 
to  ti^^thirds  of  the  velocity  of  the  head  of  the  Jet.  rutting  the  mass  U  of  the 
jet  equal  to  four-fifths  of  the  mass  of  the  lining,  to  allow  for  the  formation  of 
a  plug,  we  then  assume  that  £  II  V*  is  the  energy  of  that  part  of  the  jet  which 
is  effectively  the  penetrating  agent,  -with  V  =  2/3  Vh  and  Vh  =  velocity  of  tne 
head  of  the  jet.  The  graphs  (ref.13)  show  that,  for  st  .'el  jets  penetrating 
aluminium  and  copper  U  may  be  put  equal  to  jV,  with  little  loss  of  accuracy  -when 
substituted  in  (22),  the  formula  appropriate  for  energy  given  to  the  material  by 
fragmenting  jets.  It  ap.eors  very  likely  that  the  same  relation  between  U  and  V 
for  steel  into  steel  will  not  lead  to  very  large  errors  in  assessing  this 
energy. 


Applying  these  assumptions  in  combination  with  equations  (20)  and  (22)  to  the 
results  of  Svans  and  Ubbelohde  (rof.  1A) ,  for  thickness  of  lining  .  QASD  and 
spherical  cap  of  radius  0.73  H  where  D  is  the  charge  diameter,  and  putting 
=  5  x  10s  cm./sec.  ,  and  Y  =  50  tons/sq.  in.  ,  p0  is  found  to  be  5*5  Y.  This 
result  can  only  be  considered  fortuitous,  but  it  does  point  to  p0  being  of  the 
order  of  magnitude  predicted. 

Results  will  only  be  consistent  for  different  masses  of  lining  if  is 
constant,  when  D  is  constant.  This  is  found  to  be  true  in  experiments  carried 
out  by  3essent  and  dvans  (ref.  15)  for  constant  radius  of  curvature.  Vftiether 
the  relation  is  true  between  differing  radii  of  curvature  is  not  known  to  the 
authors. 

The  results  for  cadmium  Jets  cannot  be  calculated  .without  so.,ie  better 
l  .ledge  of  the  relationship  between  V  and  0  during  penetration. 

-  ooo  -  ooo  - 

KOTJfflKH 

a  =  radius  of  inner  hole 

c  =  radius  of  plastic  region 

v  =  Poisson's  ratio 

3  =  Young's  modulus 

Y  =  Flow  stress  in  tensile  test 
p0  =  Internal  pressure 


AI?3tDIX  I 


Lor.,;  Cylindrical  Hole  in  Infinite  Medium 


The  hole  is  supposed  widened  statically  from  zero  radius  by  internal 
pressure. 

For  r  *•  c  the  stress  distribution  is  given  by  the  ordinary  elastic  theory 
for  plane  strain. 

The  radial  stress  <T  -  -  Y  c2// 3rs  ,  r  * 

and  the  tangential  stress  d’g  =  Y  c r*,  r  » 

These  equations  satisfy  the  boundary  condition  &  - 
liases  condition  for  pdastic  flow  on  r  =  c  viz:- 

°-e  -  <rr  =  2Y/3 

In  the  plastic  region  work-hardening  is  neglected  and  Mis os' condition  is 
taken  to  hold  universally.  The  equation  of  equilibrium 


then  gives 

°r  =  -7T(l  +  2  log  c/r) 

Y 

°e  =  75"  U  ~  2  Iob  c/r) 

11. 


r  <  c 


<o  i 


O) 


c  5 

0  as  r 


(1) 


,  and  also  the 


(2) 


v/han  ffg  and  O'  arc  made  to  vary  continuously  across  r  =  c. 


The  relation  determining  c  in  terms  of  _a  follows  from  equating  dis^^cenents 
in  the  elastic  and  plastic  region  on  r  =  c.  To  find  the  displacements  in  the 
plastic  region  it  is  necessary  to  make  some  assu  ption  about  stress-strain 
relations  there.  Vfe  take  the  reduction  in  volume  of  the  material  in  the  plastic 
region,  due  to  ’.widening  the  hole  from  zero  radius  to  radius  a,  as  given  by 


-  .a-  2.0, 

3 


cr_).  2  v  r  dr 

Cl ' 


(to  order  Y/ri) 


where  <?z  =  +  o0) . 


If  u  denotes  the  displacement  which  an  element  finally  on  the  plastic 
boundary  (when  the  hole  is  of  radius  a)  has  undergone  during  the  widening  of 
the  hole, 

a2  -  2  uc  =  ~  ~  ^  .  Tj  y  c‘  (to  order  Y/S) 


I''rom  the  elastic  region  solution 


u 


Yc 

=  75  ‘ 


Eliminating  u:- 


1  4  f 

S 


a2  _  Y  (5  -  40 
"c7  3  0  75 


(4) 


An  alternative  assumption  about  the  plastic  flow  is  that  '  here  is  no  volume 
change,  in  which  case 


a2  -  2  uc  =  0 

a2  _  Y  2(1  4  v ) 
’c3’  3  "  Tj 


(4a) 


The  internal  pressure  p0  is  given  from  (3)  by 

Po  =  75  (1  4  2  log  c/a)  (5) 

and  does  not  vary  with  the  hole  radius.  Moreover  the  numerical  value  of  p0 
is  but  little  affected  by  the  choice  of  (4)  or  (4a). 

Consider  now  the  energy  distribution  in  the  elastic  and  plastic  regions, 
i'or  simplicity  wo  assume  there  is  no  volume  change  in  .he  plastic  region,  so 
that  an  element  at  radius  r  in  the  plastic  region  (when  the  hole  is  of  radius  a) 
•was  initially  at  radius  s  such  that 


s2  =  r2  -  a2. 


When  the  hole  is  of  radius  a' ,  given  -by 

a2  a' 2 
c2  ~  a'  24  s2 

the  element  lies  on  the  plastic  boundary  corresponding  t(.  radius  a' .  In  its 
final  position  r,  its  energy  is  therefore  partly  elasti  3  ,-nd  partly  plastic. 
The  elastic  energy  _er  unit  volume  of  the  element  is  then 

Y  .  a2 

75  2c7 

and  its  plastic  energy  per  unit  volume  is 

7 5  (~  cT2  +  2  lo2  3)  (to  order  Y. 

(There  is  no  volume  change  in  either  elastic  or  plastic  regions). 


The  total  energy  up  to  radius  r  in  the  plastic  region  is: 

^  r  „* 


hj 


a 

vqTY 


2TTT  dr  (-  p-  +  2  log-); 


s  =  r  -  a 


s  £1  t  s*  ,  sj;  ^ 

+  F  loe  -  17  loC  I?  j. 


(6) 


of  which 


n'aey 

"75“ 


s‘ 

2c3 


is  elastic  energy. 

On  putting  r  =  c  anu  no  ,-ecting  Y/a  compared  with  unity  we  find  (remembering 
that  Po^a  is  the  total  work  done)  that:- 

(i)  The  energy  in  the  plastic  region  =  it  a 5  ^7  (-j  +  2  log  — ) 

(ii)  Plastic  energy  =  it  aE  4-  .  2  log  — 

>3  a 

(iii)  alas  tic  energy  =  w  a2 

( iv^  Hall  the  total  elastic  energy  is  in  the  plastic  region. 


APPENDIX  II 


§E  '•  /■•rioai  Hole  in  Ir.fin.t  ■■  ’■!  liur. 


By  symmetry  the  tangential  stresses  are  equal.  In  the  elastic  region 

2Yc3 

Radxal  stress  o'  = 
r 


3r- 


Yc3 

Tangential  stress  CTe  =  ~jp~  (-  °^) 

The  Hises  condition  for  plastic  flow  is  now 

cr.  -  cr  _  Y 
P  r  =  1 

In  the  plastic  region 

°r  =  ~~  (l  +  3  log  f) 

°e  =  ■y  Csr  -  .3  loc  §; 

These  follow  from  the  equilibrium  equation 


(1) 

(2) 

(3) 


£r 

dr 


Z^e  -  °r) 


To  find  c/a,  v/e  proceed  as  in  the  cylindrical  case,  making  a  similar  a 


and  find 


assumption. 


.  1  _  ov 

a3  -  3  c2u  =  — - - .  2  Y  c3 


"hero  u  =  — •  (1  +u  ).  ,  from  the  elastic  region  solution.  Hence 

(4) 


7  ‘  I  •  ^ 


Alternatively ,  supposing  the  ;lastic  flow  to  Involve  no  volume  changes 


7  =  I  (1  +  ») 

The  internal  pressure  p0  follows  from  (3) 


(4a) 


13. 


Po  =  (1  ♦  3  logf) 


(5) 


To  find  the  energy  distribution  we  proceed  as  in  the  cylindrical 
The  total  energy  up  to  radius  r  in  the  plastic  region  is 


(6) 


■|  «■  a3  Y 

f  1  s3  2  r3  ,  r3 

2  s3 

3 

where  s  3  =  r3  -  a3 

.  Of  this ,  i  ira’  Y  ~r 

3  3c3 

is 

elastic  energy.  The 

total  elastic  energy  is 

j  wa 5  T. 

2s3 

3c7  . 

AEEHJDIX  III 

Long  Cylindrical  Hole  in  ].';diun  of  Finite  Cros  -Section 

Let  b  =  outer  radius  of  medium,  and  as  usual  suppose  the  outer  boundary 
to  be  unstressed.  Then  in  the  elastic  region  (b  >  r  *c): 


Yc  A  _  lx 
T 3  'rz  b2 ' 

,1  1  \ 

'  e  -  7J*  ^  +  b3-* 


(1) 


In  the  plastic  region  (c  >  r  >a): 


<r  -  _ . 


(1  ♦  2  log-2  -Zf  ) 


=  73  (1  -  2  *$r) 

Equating  displacements  on  r  =  c  leads  to 


a 

c 


=  ""TjE  [  5  -  4y  ~  (l  -  »f  fr] 


(2) 


where  the  same  assumption  is  ...ade  regarding  plastic  volune  change  as  in  equation 
(4J  of  Appendix  I.  The  radius  of  plastic  flow  can  be  calculated  as  if  the  block 
\.Fere  infinite,  \/ith  an  error  of  a  .out  A  per  cent,  in  the  worst  case  when  b  r  c. 
The  internal  pressure  p0  is  given  by 

2 

Po  =  75  (1  +  2  log  |  -  |r  )  (3) 

and  now  depends  on  the  radius  of  the  hole.  The  energy  required  to  make  the 
hole  is 

2  v  a  po  da 


or,  taking 

•  73  (1*2  1061-*^) 


(4) 


AH'KKJIa  IV 


SC.  ect  of  v/ork -Hardening 

According  to  Bridrjnan  (ref.  A)  the  ^rapn  of  true  stress  against  natural 
sti'ain  in  a  tensile  test  for  steel  used  in  armour  plate  can,  to  a  close 
approximation,  be  represented  by  two  straight  lines. 


14. 


.true 


litress 


. ..  Id  steel  .  ie  rel  ,i.  is  re  like  that  shown  in  Pig., (14). 


■  graph  .  ..  j,  -  s*  '.night  1  hr  large  strains  (ref.  16). 

Taking  first  the  case  of  armour  plate  steel,  it  will  be  assumed  that 


the  true 

cr 

is  found  Trc  tensile  test  to 

be  related  to  the  natural 

strain  e 

E 

£  (0 ’  <  Y) 

and 

cr  = 

Y 

+  Ac  (cr  t  Y) 

)  (l) 

•  here  Y  i3  the  yield  stress.  (Neglecting  a  term  of  order  i/3  compared  with 


To  apply  this  to  the  widening  of  a  long  cylindrical  hole  under  internal 
;ressuro  so...  gunoral  assumption  has  to  be  .ade  about  the  stress-strain 
relationship  in  work-hardening.  Following  Nadad  (ref.  17)  it  is  assumed  that 
the  octahedral  stress  is  a  definite  function  of  the  unit  octahedral  shear 
strain  for  all  strain  configurations. 


The  octahedral  stress  Tr  is  given  by 


<  r 


(<r,  -o^2  +  (o-j  -c*)2  +  (oj  -<rj 


x"  •=  5  l 

and  the  octahedral.  ..atural  shear  yn  by  the  differential  relation 
dVn 


,  7  ,>5 

"j  j^(de,  -  dea)  +  (des  -  de3)  +  (de3  -  dc:)  j 


In  a  tensile  test 


V2 

- 


.nd  Yv  -  v2  e. 


(l)  then  gives.':.-,  the  universal  relation  between  Tn  and  Vn:- 


*2 

?n  ~  T 7 


Aviv'5  (Tn  i  •J  Y) 
(in  thr  elasti  :  r  y‘‘  r  2Tn  : 


(2) 


In  the  In  c  r  ..  a  the  cylinder  let  e ,  denote  the  natural  r.  .Lia. 

:  train  at  radius  r  7.. kin  he  ;  ... -,i  .  volume  change  to  be  negligible. 


J  h  ■ 


1  1  T-> 


(V  °r  »  2Y/V-  ).  (3) 


15- 


an  ;lamen>  initial-/  -  r  lius  s  is  displaced  to  radius  r  during  the 
:  -  -  <j  or"  the  hols  (to  radius  a) 


r  =  a  + 


2  =Z 


(4) 


r  =  "log  r/s 

o'  '-a  i luting  (3)  and  (4}  in  the  equation  of  equilibrium  gives 
21 


d^/dr  =  ^  .  i/r  +  4 V3.  l/r.  log  r/s. 

f  F0  ^r;  1°C  v/a  ~  ~S~  ^  l°g  (1  -  a2/r2).  dr/r. 

-d-  .  Appendix  I, 

®/o2  ^  •  j  ,  and  o-p  =  -  Y//J, 


on  r  =  c. 


p0  a  1/f 3  +  2I//3.  log  c/a  -  2V. 


-2  jV‘  log  (1  -  l/ta).  ^ 


'•  |  log  (1  -  3/t*).  dt/t. 

I0/2-  “ 

I  4  Vn  .  2/t  •  dt/t 

an  l°/a 


=  -Z  Vi 


c  he,. 

tf.  l/tan  f 

4  Jl 


=  rr*/6 


fin  el  iv 


lb  l'X-5  +(2T/V j)  log  c/e  ♦  »r*4/l8 
nd  is  independent  of  the  radius  of  the  hole. 


1/n  (nag looting  of  /c  2  c.  f .  1) 


(5) 


r  steel,  using  values  given  in  ref.  (16),  numerical  calculation  shows 
one  cold-work  adds  a  term  of  the  order  350C  kgra./sq.  cm.  to  1/F 5  +  2Y/V3  log 
-/a  1  is  auout  30CIC  kgm./sq,.cm. ,  and  sc  the  increase  in  p0  is  about  30  per  cent. 


dOBHY 

_ :  .  -  .  cf  o  .  it i ;j  ..nd  1)  r.  .  dorks 

!1CW  attempt  to  make  an  estimate  of  the  difference  between  the  o:.atic  and 
r':s  required  to  oniarg’  a  hole  d^e;  in  un  infinite  medium.  The 

iyaonically  (to  a  final  state  of  rest)  is  effectively  equal  to 
voluoe  of  hole,  fhe  results  arrived  at  here  support  this  conclusion. 

'  ooliSi'l‘ '  iirst  the  dynamical  widening  of  a  Ion/-  cylindrical  hole  in  an 
dj  ,  oclc.ua. 

H  is  assumed 

.  -<  “  -"s  -h  '..ns  it.  i  1  .  .c  re.ic:.  r  ;  no;  1  igible, 

'.  iii  his  s  .’lev  c  idi'-ic.  ’ds  tlr  •  the  I.jstic  rc  ion, 

.  tlvib  r  .T.n  .1  s  v\:.; :.  infects  b  igporsd. 

•  ;  '  inuity  ■;  :  ■  -tics.  ii  the  stic  region  is 


\  the  notation  of  Appendioes  I  and  U. 


16. 


The  acceleration  of  an  element  at  radius  r  is:- 
aa  +  a2 


r  = 


a2  a* 

s 


a^^o  the  equation  of  notion  in  the  plastic  region  is 


3a"r  _  <r  _  o- 
/dr  0  r 


..  "2  2.2 

*  a  a  h  , 

+  P  K  r  "  r}  ) 


3y  (b)  °e  '  °"r  =  2Y/'0  ,  and  integration  than  gives 

ffr  +  p  =  -  ~  +  P  (a£  +  a2)  log  r/a-^.(l-  a2/r2) 

....  (1) 

If  u  denotes  the  displacement  in  the  elastic  region,  the  radial  strain  e  =  du/dr 
and  the  tangential  strain  gq  =  v/r.  On  the  elastic  boundary  r  =  c. 


and 


<ra  -  o'  = 

0  r 


u  =  a2/2c 


B(ep  ~  ar) 

1  +  y 


=  ar/Vj 


(to  order  Y/d) 


(2) 

(3) 


How  the  elastic  stress-strain  relations  are 

_  £  ,  ^ A  <  > 

°r  ~  1  +  r  ver+  q  -  2r  '  eGQ. 

where  &  =  cr  +  e6  +  c„. 

Since  e_  =  0  here,  we  find  for  o',,  on  r  =  c:- 

(iE-ii)(1  "  2w)  cr.  =  (1  -  v)er  +  v  eQ 


=  efl  -  (1  -v  ).  2(1  +  «/)  .  Y/S  from  (2) 


7T 

1>A**  -  (1-0.  .21^,0  Y/a  ....  (4) 


Substituting  for  in  (i)._ 

-  2(1  -  T  . 


V'3(l  -2v\  *  (1+V)(l-2V) 


•  a2/2c2+f^j  +  p(aa  +  a*)J  log  c/a-pa2/2 

.  (5) 


(neglecting  a2/c2  c.  f.  l) 

a2/c2  is  an  unknown  function  of  t  (of  order  J/S)  which  can  only  be  determined  by 
solving  the  elastic  wave  equation. 

Denote  the  expression 

»  X-l.t  ^ 

v3  •  3 


°y 


k,  so  that  k  is  equal  to  the  static  value  of  tf  /<*  .  From  (2)  anl  (5) 


a2/c2  =  2iv'u  and  u/c  -  (3vp'3r)r  =  k 

a2/c2  -  k  =  Vo  +  (3iy3r)r_c  =  A  ^  <0 


(6) 


since  the  material  in  the  elastic  region  on  the  elastic  boundary  is  compressed 
during  a  continual  widening  of  the  hole.  This  implies  that  the  plastic' region 
extends  further  in  the  dynamic  case  than  in  the  static  case  (for  the  same 
instantaneous  radius  of  hole).  On  the  other  hand  since  (O’  )  .  >  0,  v.'e  have 


2 v 


(~°^r=c  <  7J 

from  Jiises 1  condition.  It  follows  frac  (4)  that 


17. 


aVc2  >  2W.  (7) 

Combining;  (6)  and  (7):-  ^ 

2  v  <  a2  Ac2  <1  (8) 

The  work  per  unit  length  needed  to  widen  the  hole  dynamically  to  radius  r  is 


■z 


2  ir  a  da 


where  p  is  given  by  (5).  The  static  work  is 


'S  ''Jo  S3  [1  +  loc^j 


2  ir  a  da 


"D  "  '"'s 


f  n  -  a2 Ac2”) 

„  ,  Y 

.  2^a  da  +  -s- 

v3 

r 

+  /  p(aa  +  a2) 
Jo 

log  2wa  da 

•r 

log  -2  .  2w-  a  da  = 

-  npj  sf  a2  d 

Y  f  kc*Q 

A  Jo  2,ra 


da 


ffD  -  V/s 


kc2, 

(1°E  2*  a.  da 


since  we  are  taking  a  =  0  when  a  =  r. 

Hence  finally: - 

Y_  Jri  -  aVkc2  ~)  x  x 

=  ^  jotl-2»  J’  73  Jq 

r 

-  a2 a2  d  (log  c)  . (9) 

Using  the  inequalities  in  (8):- 

A  rough  estimate  can  be  made  of  the  value  of  the  last  term  by  taking  the  "static" 
value  for  a/c  .  dc/da  (i. e.  unity)  and  a  mean  value  for  a. 


?or  example,  for  a  projectile  penetrating  at  velocity  V,  we  can  take  i  V  tan  a 
as  a  mean,  a  (a  =  ogive  semi-angle) .  In  this  case  if  Y  =  7300  Kgn./sq.  an. 'and 
V  =  3000  ft. /sec.  ,  the  last  two  terms  approximately  cancel,  and  so  the  extra  -work 
done  dynamically  is  less  than  about  20  per  cent,  of  the  static  work.  If  a 
similar-  calculation  is  made  for  the  enlarging  of  a  spherical  hole  the  upper  limit 
to  the  extra  work  is  found  to  be  more  like  10  per  cent,  of  the  static  work, 
however ,  the  inequalities  are  not  very  close  and  the  actual  value  of  UD  -  W  is 
probably  a  good  deal  less.  To  obtain  the  precise  value  would  re  uire  an  explicit 
solution  of  the  elastic  wave  equations. 


AHF3QU  VI 


Critical  Velocity  of  Fe-  L  '  nr. 

A  rough  estimate  of  the  criticiJ.  '--j-ocity  at  which  the  hole  becomes  wider 
than  the  projectile  can  be  made  when  the  projectile  has  a  long  narrow  head.  For 
then  the  cylindrical  model  is  appropriAt  i  and  we  cun  write  aj  xi  ately 

P  =  log  (|)  (^^  +  P  (a2  *  d2)  j 

(terms  of  magnitude  unity  or  less  being  neglected  in  comparison  with  2  log  c/a). 
This  is  tantamount  to  neglectin  clastic  energy  in  co, risen  with  plastic 
kinetic  energy  and  energy  of  deformation. 

Suppose  the  equation  to  the  head  is  y  -  r  sia^  ,  ,/hile  the  tar-et 
material  is  still  in  contact  with  the  head  '  L 
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a  =  Y.  dy/dx 
a  =  V2.  dVcbc5. 
uniform  velocity  of  penetration  v). 


The  pressure  first  beco  es  ::ero  on  the  bourrelet  (y  =  r) ,  and  the  critical 
value  of  V  is  given  by 


2Y 

VI 


P  V‘ 


/TV  , 

'2L 


0 


For  Y  =  7500  Kg./sg. cm.  and  L/r  =  8,  V  is  about  5000  ft. /sec.. 
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